Higher entanglement and fidelity with a uniformly accelerated partner via 

non-orthogonal states 
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We show that nonorthogonal states achieve a higher level of entanglement when one party under- 
goes uniform acceleration. We also show that in this regime non-orthogonal states achieve a higher 
fidelity for teleportation. A quantum field as observed by an observer confined to a Rindler wedge 
acts as an open system. When one traces over the field modes in the causally disconnected region 
of space time, one finds that, for a qubit derived from the modes of a scalar field, the effective state 
space of a qubit is deformed. In order to show this we numerically calculate the Bures angle between 
states as seen by an accelerating observer. We also derive the Bures metric of an effective qubit 
in the limit of low accelerations. In order to show that the deformation is not just a coordinate 
transform, we calculate the scalar curvature of the effective Bures metric. We see that the effective 
Bures metric loses its isotropic nature. Despite taking the limit of low accelerations, our results are 
also relevant to large gravitational fields. 

PACS numbers: 03.65.Bz, 03.67.Hk, 03.30.p, 03.650d, 04.62.-|-v 



I. INTRODUCTION 

A plethora of practical applications have arisen due 
to the study of quantum information theory. This study 
has also produced equally interesting insights into physics 
questions of a fundamental nature. Of particular rele- 
vance to this paper is the recent progress made in the 
study of quantum information theory in relativistic set- 
tings [l[ . When an observer undergoes uniform accelera- 
tion, the appropriate coordinate system to use is known 
as Rindler coordinates. This coordinate system contains 
two causally disconnected domains. The Minkowski vac- 
uum of the field observed by our accelerated observer will 
be populated with particles. This phenomenon, known 
as the Unruh effect, demonstrates the relative nature of 
the vacuum 0. It is perhaps even more startling that 
the Unruh effect causes decoherence. Hence when an en- 
tangled state is observed by an accelerating observer, it 
appears to have less entanglement. That is, due to the 
Unruh effect, the amount of entanglement a state has is 
also relative to the observer Q. Here, we demonstrate 
another surprising result: that the structure of the ef- 
fective state space of a qubit is also relative to who is 
observing it. 

Rindler coordinates are an appropriate coordinate sys- 
tem for describing an observer subject to uniform accel- 
eration. In Minkowski coordinates, the world lines of 
an accelerated observer correspond to hyperbolas that 
asymptote to null trajectories on either side of the ori- 
gin. The tangents to these asymptotes intersect at the 
origin and form two causally disconnected regions to the 
left (region I) and right (region II) of the origin ^ . Alsing 
and Milburn considered this situation with two observers, 
Alice and Rob, each holding an optical cavity capable of 
supporting two orthogonal modes. Alice is a Minkowski 



observer and Rob undergoes uniform acceleration. At a 
certain event, Rob's frame is instantaneously at rest, the 
two cavities overlap and an entangled state is created as 
Rob accelerates away. Alice then attempts to teleport a 
state to Rob, but this process is disrupted by the Unruh 
effect. It is then shown that the fidelity of Rob's final 
state with Alice's initial state degrades due to accelera- 
tion However, as Schutzhold and Unruh pointed out, 
the presence of cavity walls block the radiation result- 
ing from the Unruh effect and there are various other 
conceptual difficulties with this approach Q. Therefore 
we instead consider a situation where Alice and Rob's 
modes are the modes of a free scalar field [6,] . The fields 
can be massive or massless Q as this will not affect 
the mathematical form of our results. We are therefore 
making an approximation where only the main contribut- 
ing mode of a wave packet is considered [§, !^ . Recent 
work has shown that this single-mode approximation is 
indeed valid in certain physical situations [10] . 



In Sec. |TI] we explain our model of quantum infor- 
mation with non-orthogonal states subject to the Unruh 
effect. In Sec. IIIII we calculate the entanglement, per- 
form a teleportation protocol and discuss distinguisha- 
bility within our model. In each case we show that there 
exist non-orthogonal states that outperform orthogonal 
states for quantum information given a particular non 
zero value of acceleration. We will then calculate the Bu- 
res metric of the effective qubit derived from the modes of 
a scalar field in the limit of low accelerations and demon- 
strate its deformation in Sec. IIVI before concluding in 
Sec. IVl 
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II. QUANTUM INFORMATION WITH 
NON-ORTHOGONAL STATES AND THE 
UNRUH EFFECT 

In this section we will develop a simple model of quan- 
tum information with non-orthogonal states subject to 
the Unruh effect. The non-orthogonal basis we consider 
is {|+), It/?)}- These states can be expressed in the num- 
ber occupation basis as 



1 



V2 



(|0> + |1» 



and 
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respectively. Here f is a parameter that determines the 
degree to which |-|-) is non-orthogonal to Note that 
for e = 0, \ip) is orthogonal to |-|-). The right hand sides 
of Eqs. (l)-(2) are written in the number occupation ba- 
sis, so it is implicitly assumed that Alice and Rob share 
a reference frame for phase [ll| . Following the approach 
of other authors we ignore the specific details of the ref- 
erence frame henceforth [Q]. 

As stated in the introduction, we are considering the 
modes of a free scalar field. The modes of a scalar field 
are an infinite level system from which a qubit can be 
prepared [13, [13] ■ Following the approach that is com- 
mon in the literature, we consider the entanglement of 
two qubits where Rob's qubit is subjected to the Unruh 
effect [l|,i,[^. As such we will encode in a non-orthogonal 
basis for Rob only. We therefore consider the entangled 
state, |5')ar, shared by our initially inertial observers, 
Alice and Rob, where 



and 



I*)ar = -^(|+)a|+)r + \-)aW)r) 



|±) = -^(|0)±|1)) 



(3) 



(4) 



Rob then undergoes uniform acceleration, hence we 
must consider the quantization of a scalar field in Rindler 
space (which is not the same as in Minkowski space). 
By using Unruh's famous result we can express the 
Minkowski space vacuum state in terms of region I and 
region II modes as follows [2| 
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with 



coshr = (l-e-2-^yi/2 



sinhr 



-ttQ. 
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and regions I and II denote the two causally disconnected 
regions in Rindler space. Here = ojn/^a/c) where ujn 
is the frequency of the Rindler particle and a is its accel- 
eration. Similarly the Minkowski space one-particle Fock 
state can be written in terms of the modes of region I 
and II as 



|1)m 
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^ tanh" rVnTT\n + l)/|n)// 
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Since the two regions are causally disconnected, the 
effective state of the system can be found by tracing over 
the field modes in region II. That is, pi = Tiii[pm] - Using 
the shorthand r]±± = 1 ± \/l ± S,, we write our entangled 
state as 



where 



Pn =X 



PiAR = -J— tanh^" rp„ 

8 cosh r „ 
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V+-\0,n)AK + V — |1,?i)ar 
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+ 0,n + l)AR + ^^^ |l,n + l)AR 

cosh r cosh r 

(9) 

and xlV') = Here and throughout this paper we 

omit the subscript I whenever it is convenient to do so. 



III. THE SUPERIORITY OF CERTAIN 
NON-ORTHOGONAL STATES FOR 
ACCELERATED OBSERVERS 

In this section we demonstrate that for the model de- 
veloped in Sec. |TT] there exist non-orthogonal states that 
are superior to orthogonal states for quantum informa- 
tion. We remind the reader that we are comparing states 
that have been prepared by an inertial observer, as either 
orthogonal or not, and are then subject to the Unruh 
effect due to the observer experiencing uniform acceler- 
ation. We begin by calculating the entanglement of Eq. 

(ED- 



A. Entanglement 

For pure states, the von Neumann entropy of Alice's 
(or equivalently Rob's) reduced density matrix uniquely 
quantifies the entanglement of a system [14]. However, 
for mixed states no such measure exists. The logarith- 
mic negativity, however, is an entanglement monotone 
for which a non-zero value is a sufficient, but not neces- 
sary condition of entanglement [isj . Since we will only 
compare states with non-zero logarithmic negativity this 
figure of merit will suffice for our analysis. It is defined 
as 



ENip) = log2 llp^ 



(10) 
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FIG. 1: The logarithmic negativity of an entangled state sub- 
ject to Unruh radiation as a function of our orthogonality 
parameter, ^ = denoting an orthogonal state). The value 
of our acceleration parameter is r = 0.6. 



where denotes the partial transpose of p p^ . 

Consider the partial transpose of p„ with respect to Al- 
ice's modes where /)„ is defined by Eq. We can write 
the sections of p„ that are invariant and non-invariant 
to the partial transpose as p„ and /5„ respectively where 
P = Pri + 'Pn- The partial transpose of p„ is then just 
P« + P« where 



coshr 



77 — rj^+y/n + 1 
coshr 



|l,n)AR(0,n + l| 
|0,n)AR(l,n + l|+H.c. 



(11) 



We see that the second term in the above equation is non- 
zero only for non-orthogonal states. In Fig. [T] we show 
numerically that the logarithmic negativity of p/ar as 
defined in Eq. ([8]) can be increased using non-orthogonal 
states. 



B. Teleportation 

Here we consider Alice and Rob using their entangled 
state to teleport an arbitrary pure state, 



a|0)Q+/3|l) 



(12) 



from Alice to Rob. To do this, Alice applies one of 
four positive-operator- valued measures (POVMs), Hq^, 
to the joint space of her qubit and her half of the entan- 
gled state. Our POVMs satisfy the usual relation that 
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QA 
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Alice then informs Rob of her measurement result and 
Rob performs one of four local operations, B^, on his 
half of the joint system. After this protocol, Rob has 
the state pr with a certain fidelity to Alice's teleported 



qubit, F. Provided that \iP)q is a pure state, F can be 
quantified by the overlap q(V'IprIV')q- The fidelity of the 
protocol, /, is then calculated by averaging y/F over all 
possible values of 

It is well known that the optimal value of / that one 
can achieve with any given entangled state is given by 
the state's maximal overlap with a maximally entangled 
state [Uli^. We be gin our discussion by calculating this 
optimum for the entangled state |4')ar given by Eq. ([3]). 
Since this is the state prepared by our initially inertial 
observers, the protocol that is optimal for this state is the 
protocol we will use when Rob undergoes uniform accel- 
eration. That is, Rob's local operations arc restricted to 
region I and is given by © i/. Writing |\1/)ar in the 
Schmidt basis, 



AR 



ie{0,l} 
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we can immediately derive the bound 

Ao + Ai 



/< 



V2 



(14) 
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It is easy to see that we saturate this bound using the 
following POVMs 



QA 
^^QA 



as well as the local operations 

|0)(^^o|- 
|0)(^o|- 
|l)(^o|- 
|l)(^o|- 



Bi 



+ |l)l^i)) 
+ |l)l¥'o)) 

ll)(^ll , 
ll)(^ll , 

|0)(^i| , 
|0)(^i| . 



(16) 
(17) 
(18) 
(19) 

(20) 
(21) 
(22) 
(23) 



We can then calculate Rob's final state, ctr^ using the 
four POVMs and local operations B]-^ ® i/ as 

defined by Eqs. (I20l)-(l23l) on the state |f/')Q(V'l ® P/ar 
with p/AR given by Eq. ([5]). The fidelity of the protocol is 
found numerically by taking the overlap of the ctr, with 
Alice's initial state and averaging this overlap over all 
possible values of a and /3. To perform this calculation 
we take the initial value of a and /3 to both be equal 
to l/y/2. That is we take |V')q = I+)q and apply a 
random unitary transformation, U , which gives a final 
state (Tf{(C/|+)Q). The fidelity is then 



/= / dv{U){+\U^a^{U\+))U\- 



(24) 



Here we have omitted the subscript Q to avoid cumber- 
some notation. In Fig. 2 we calculate / for r = 0.6 and 
a sample of 2 x 10^ random unitary matrices. From this 
figure one can observe the remarkable result that the op- 
timal choice of ^ is non-zero implying that / is maximized 
when one encodes in a non-orthogonal subspace. 
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FIG. 2: The fidelity of Rob's final state as a function of ^. 
The value of the acceleration parameter is r = 0.6. 



C. Distinguishability 




0.76 
0.74 
0.72 
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FIG. 3: The probability that an accelerated observer can dis- 
tinguish 1+) from \ifi) is maximized by the maximal value of 
0. Therefore 9 (in radians) is given as a function of ^. Again 
^ is an orthogonality parameter for which ^ = denotes an 
orthogonal state in Minkowski space. The value of the accel- 
eration parameter is r = 0.85. 



We now turn our attention to a simpler, but very in- 
structive thought experiment. Once again Rob acceler- 
ates at a constant rate but this time is given two states. 
One state is the |+)m state and the other is either \+) m 
or |v)m- Rob then must determine whether his states 
are the same or different and perform actions that de- 
pend on the result. Due to the acceleration, Rob's state 
is populated by the Unruh effect and his second state is 
either pi{\+)) or pi{\(p)), which can be easily calculated 
using Eqs. (1),(2),(IS])-(I7]). If the states are different, 
by implementing the optimal measurement strategy, the 
probability that Rob can determine that the two states 
are indeed different is maximized when the following an- 
gle is maximal fig] 

9 = arccos (Tr[^ p\'\\+))h pf\\^))p\'\\+))^^ . 

(25) 

In Fig. 2 we calculate and plot 6* as a function of ^ for 
r = 0.85. We see that 9 is maximal for a non-zero value 
of ^ implying once again that it is preferable to encode 
in non-orthogonal states. 

IV. STATE SPACE OF THE EFFECTIVE QUBIT 

The last result in the previous section is highly sugges- 
tive as Eq. (|25p is literally the Bures angle between two 
quantum states [l^. The fact that the Bures angle be- 
tween states changes in a way that cannot be attributed 
simply to a loss of purity alludes to the possibility that 
the state space occupied by the effective qubit may be 
deformed. In this section we show this analytically by 
calculating the state space metric for an effective qubit, 
PR as observed by an accelerating observer. There are 
a number of state space metrics proposed in the liter- 
ature pO ]. However, the Bures metric is a metric that 
is both Riemannian and monotonic and is therefore the 
most suitable for our analysis (2Ci| . The Bures metric is 



derived from the Bures distance which is given by [2l|, 

D{p,a)^2[l-F{p,<j)] (26) 

where 

F{p,<j)=TT[^Jp-2aph]^ . (27) 

It is then a simple matter of choosing a = p+ dp to define 
the metric of the qubit's state space. We can then param- 
eterize p by the vector n = {x,y, z) to give a general ex- 
pression for a qubit in Minkowski space as (1, n)-(l, ct)/2, 
where a are the Pauh spin matrices. Similarly we can also 
write a general expression for dp in Minkowski space as 
dn ■ a where dn = (dx, dy, dz). We can use these expres- 
sions for p and dp to derive the Bures metric of a general 
effective qubit as observed by an accelerating observer. 
However, since we know of no way to solve this problem 
for the full infinitely large density matrices that result 
from the Unruh effect, we content ourselves to derive the 
Bures metric for low accelerations. We henceforth ignore 
aU terms of order 0(r*) or smaller. This will turn out to 
be sufficient for our purposes. Using Eqs. ^ and ([7]), 
we write the density matrix of a general effective qubit 
subject to the Unruh effect in the limit of low accelera- 
tions, 

jl + z ^ ^ \ 
P~ or-^ ~c~ ~c^ + -^ U + ^j c 

\^ V2T'{x+iy) 2T"(l-z) J 

(28) 

Here and throughout the rest of this paper we use the 
shorthand that C — coshr and T = tanhr. We can also 
define a general expression for dp for small accelerations 
from Eq. (|28p by simply replacing 1 ± z with ±dz and 
{x, y} with dx and dy respectively. We note that our 
expression for p does not have the property that Tr[p] = 
1. This causes the complication that Eq. is not 
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zero for a = p. To solve this problem we make a slight 
generalization of the Bures distance for states that do not 
have a unity trace: 



i?(p,a)=2[Tr[p]TrM-F(p,a)] 



(29) 



To be an appropriate extension of the Bures metric, our 
distance measure must satisfy the following five condi- 
tions: IHIli 



• The distance measure must be Riemannian. 

• The distance measure must be a monotone, that is 
D{p,cr) > D {£{p),£{a)) for any completely posi- 
tive trace preserving (CPTP) map, £. 

• The distance measure must be symmetric in its out- 
puts, that is D{p,a) = D{a,p). 

• The distance measure must be positive semi- 
definite, D{p, a) > 0, with the bound only achieved 
for a = p. 

• The distance measure must obey the triangle in- 
equality, 



D{p,cT)<D{p,T)+D{a,T) 



(30) 



We will prove by construction that this modified dis- 
tance measure is Riemannian (whereas the standard Bu- 
res distance is not for states with Tr[/9] < 1). That the 
second condition is satisfied immediately follows from 
the fact that the fidelity obeys monotonicity, F{p, a) < 
F{£{p),£{a)) and the fact that the function Tr[/9]Tr[(T] 
is non increasing under CPTP maps by definition. That 
the metric is still symmetric in its outputs is obvious 
from the fact that the new term is symmetric in its out- 
puts. It is well known that the fidelity is maximized 
for a = p and that when this equality holds the fidelity 
can be written Tr[p]Tr[fT] and therefore we see that the 
distance measure is indeed positive semi-definite. This 
brings us to the only non-trivial part of our proof that 
our distance measure is an appropriate modification of 
the Bures distance, that D{p, a) obeys the triangle in- 
equality. To prove this we first note that the fidelity can 
be written i^(CT, p) = (||vpVo^||)^ < ||p||x||cr|| jS,]. From 
this it immediately follows that 



F(p,a) <Tr[p]TrM . 

The inequality we wish to prove is 

Tr[p]T,[a]-F{p,a) < Tr[p]Tr[r] - i^(p, r) 
+ Tr[cr]Tr[T] - F(cr, r) 



(31) 



(32) 



We first rearrange this inequality such that both sides 
are positive definite: 

Tr[p]Tr[cr] + F(p, r) + F{cr, r) < Tr[p]Tr[T] + Tr[a]Tr[r] 

+ F{p,a) . (33) 



Using Eq. (|31|) we can then write 

Tr[p]Tr[cr] + F{p, r) + F{<j, r) < Tr[p]Tr[T] + Tr[a]Tr[r] 

+ Tr[p]Tr[(7] , (34) 



which gives 

F(p,T)+F(a,r) < Tr[p]Tr[r] 



Tr[cr]Tr[T] 



(35) 



which is clearly satisfied by direct application of Eq. (|31|) . 

Seeing that our modification to the Bures distance is 
appropriate we resume our derivation of the metric of the 
effective state space. From Eq. [28] , it is easy to see that 
for a = p+dp, the product of the traces can be calculated 



Tr[p]Tr[p + dp] - 1 - 2r^{l - z) + r^dz 



(36) 



To evaluate the Bures metric we begin by setting the 
radicand of Eq. equal to M. That is, M = p2 {p + 
dp)p^ . The fidelity is given by 



Tr[M2 



(37) 



where Xi are the eigenvalues of M. The characteristic 
equation for M is 



- Tr[M]X^ + aX- Det[M] = 



(38) 



Here a is given by Det(il/)Tr[A/^^]. Clearly the eigenval- 
ues of M remain the same if we redefine M = p{p + dp) . 
We can immediately simplify this equation by noting that 
the determinant of M is of order r'* and can therefore be 
ignored for our analysis. One can now easily show that, 
using this approximation, the characteristic equation re- 
duces to 



A2 
A2 



Tr[p(p + cfp)]A + Det[p(p + dp)] 
Tr[M]A-f Det[M] , (39) 



where 



P - 



1 

2^2 



x—iy 

'-c^+T\l + z) 



(40) 



From Eq. (j40p we can similarly find p + dp. Defining the 
eigenvalues of M as Ai and A2, we can write Eq. (l37l) to 
second order in r: 



Tr[M5 



- Ai +A2 + 2\/AiA2 
= Tr[M] +2Det[M]5 



(41) 
(42) 



We then can write the expression for the determinant 
of M as the product of the determinants of p and p -I- dp: 



Det[p -t- dp] 



4C2 
1 

4^2 



(J2 



+ T'^{l + zf] (43) 



2dS' - dn^ 



(J2 

dzf] 



(44) 
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where dS = xdx + ydy + zdz. To evaluate Det[M] 2 it is 
useful to define 



G=[l + T'- 



1 



(45) 



We can now express the determinant of M in terms of G 
to second order in r as follows: 



Det[A/] 



[{l-n'^fG'^-{2dS- 



16C8 

X (l-n^)G' + 2(l-n^) 



dn^) 
dz 



, /I 2\2 -'^) J 2 



(46) 



We then factor (1 — n^)^G^ out of Eq. pSt . expand to 
second order and neglect terms of order or smaller to 
get the expression 



Det[M]^ - ^ 



(l-n2)G2 



2dS + 



2(l-n2)G 



2 

-T2dz(l + z) 



(47) 



By combining Eq. (H^ with Eq. (H71) . one can easily 
show that the fidelity, to second order in r, is given by 



F 



1 



1 - 2r2(l 



(1 - 7l2)2 



(1 



1 -n^ 



r dz 



(48) 



The last few terms in Eq. (j48|) coincide exactly with Eq. 
([55)1 . We can therefore use Eq. to cancel these terms 
and write the metric of the state space for an accelerated 
qubit in the limit of low acceleration as 



ds^ 



1 



dS^ 



1 



[,_^2(l±i)^ 

2 L I - 



1 



(49) 

Note that Eq. (H^ differs in form for the Bures metric 
for a qubit in Minkowski space [20, 21] proving that the 
Unruh effect deforms the state space of an effective qubit. 
Also it is easy to see that Eq. reduces to the metric 
of a sphere for r = as required. The metric takes 
on a particularly interesting form in polar coordinates, 
(^, 9, 4>) (where ^ is a coordinate parameter not to be 
confused with our orthogonality parameter from before) . 
We can write the metric tensor of our effective qubit, 5^1,, 
as 



4C4 (^M!^ 



(50) 



where g^iy/A is the standard Bures metric of a qubit and 
h^j^i, is a perturbation of order . Explicitly they are 



e 



^^sin^ 



(51) 



and 



h = 



T2(l 



2 

r sin cos 6 



i cos 9) 



COS —^rsinOcosO 
^ sin^ 


(52) 

Notice that while the original Bures metric of a qubit 
is homogenous and isotropic and thus has no preferred 
direction, this is not true of h. 

Finally, to verify that the deformation of the effective 
state space is not just a coordinate change we calculate 
the scalar curvature to first order in r^. Using the stan- 
dard construction of Riemannian geometry and changing 
to polar coordinates, (^, 9, 0) the scalar curvature is 



i? = (24 + SR) cosh"* 



(53) 



where 



- ^2(^2 „i) [4 + 8^2-15^^ + 5^6 

- 8C(2C-3)cos6i(4 + 8C^- llC'' + 5C6)cos26'] 



(54) 



The scalar curvature is no longer a constant but varies 
as a function of 9 and ^. 



V. CONCLUSION 

We have shown numerically, through the calculation 
of entanglement and two different quantum information 
protocols, properties that suggest that the structure of a 
qubit's state space changes when it is accelerated. This 
possibility was derived analytically for the small acceler- 
ation case. However, one actually needs to have a very 
large acceleration, perhaps produced near the event hori- 
zon of a black hole, to have an appreciable effect on the 
state space despite our low-r approximation [23j . Note 
that we neglected the consideration of using quantum an- 
cillary states for a phase reference. How reference states 
are affected by Unruh radiation and how the state space 
of a qubit acts in this scenario is an interesting topic 
for future research. Finally we note that this decoher- 
ence can be simulated by a two-mode squeezing operator 
[23I [24I . This implies that our results can be simulated in 
the laboratory and raises the question as to whether there 
are other decoherence maps that have similar effects on 
the state space. 
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